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ON THE GENERALIZED CLASS OF PR-WARPED PRODUCT
SUBMANIFOLDS IN PARA-KA¨HLER MANIFOLDS
A. SHARMA AND S. K. SRIVASTAVA
Abstract. In this paper, we study a new generalized class of PR-warped product sub-
manifolds under the namePR-pseudo-slant warped product submanifolds in para-Ka¨hler
manifolds M¯. The results of existence and non-existence for PR-pseudo-slant warped
product submanifolds with proper slant factor in M¯ are shown. In addition to these
results, we give an elementary illustration of such warped product submanifold in M¯.
1. Introduction
The concept of warped product manifolds (more generally warped bundle) was intro-
duced by Bishop and O’Neill for constructing manifolds of nonpositive curvature, as
one of the most effective generalization of Riemannian product manifold [3]. Later,
this notion has been generalized by O’Neill, B. [23] for semi-Riemannian manifolds.
However, the theory attain momentum after Chen came into action with a new class of
CR-submanifolds called CR-warped products in Kaehlerian manifolds and give some
existence and non existence results [6]. Analogous to that Hasegawa-Mihai [17] and
Munteanu [22] continued the theory for Sasakian ambient that can be viewed as an odd-
dimensional counterpart of Ka¨hler manifold. Since then geometry of warped product
submanifolds in Ka¨hler-Riemannian and Lorentzian metric structures gain impluse and
has been effectively employed to solve problems in mathematics and physics particu-
larly in the field of general theory of relativity and black holes (c.f., [5, 12, 19, 20, 26]).
The exertions were focused essentially on understanding the parallel Einstein equations,
which is responsible for broad consequences in both fields. The metrics of neutral sig-
nature also viewed in several geometric and physics problems but they have attained less
attention until Davidov et.al [13] presented the analogies and differences between the
structures having neutral metric and the Riemannian metric. Earlier [13], the remarkable
works by Ooguri-Vafa [24], Dunajsky-West [15] and Petean [25], has perceived various
significant role of metric structures having (m,m) signature in mathematical physics and
have been fruitfully applied to supersymmetric field theories and string theory. In light
of the physical applications of the such neutral metrics structures, the important ques-
tion of existence or non-existence of such metric with its warped structure arises natu-
rally. Recently, Chen ([10]: Chapter 10) initiated the geometry of pseudo-Riemannian
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warped products submanifolds (called by him PR-warped product) in neutral metric
manifold called para-Ka¨hler manifolds. Motivated by the work of ([10]: Chapter 10),
in the present work we introduce the more general class of [11] with the name PR-
pseudo-slant submanifolds equipped with warped aspect and investigate the existence
and nonexistence of such warped product submanifolds in para-Ka¨hler manifolds M¯.
The organization of article is as follows. In Sect. 2, we recall some basic infor-
mations about para-Ka¨hler manifold, slant submanifold and present definition for slant
submanifold along with some important results. Sect. 3 deals with the construction of
PR-pseudo-slant submaniolds, and the conditions of integrablity and totally geodesic
foliation for the distributions allied to the characterization of a such submanifolds. In
Sect. 4, we first prove the nonexistence of PR-pseudo-slant warped product subman-
ifolds of the form M⊥ × f Mλ and then obtain a necessary and sufficient condition for
a submanifold M to be locally a PR-pseudo-slant warped product and simply product
submanifolds of the form M = Mλ × f M⊥ in M¯. Finally in Sect. 5, we present a nu-
merical example illustrating warped product submanifold of the form Mλ × f M⊥ in a
para-Ka¨hler manifold M¯.
2. Preliminaries
2.1. An almost para-Hermitian manifold. A smooth manifold M¯ of dimension 2m is
said to have an almost product structure if
P2 = I,(2.1)
where P is a tensor field of type (1, 1) and I is the identity transformation on M¯2m.
For this, the pair (M¯2m,P) is called almost product manifold. An almost para-complex
manifold is an almost product manifold (M¯2m,P) such that the two eigenbundles T±M¯2m
corresponding to the eigenvalues ±1 of P have the equal dimension. An almost para-
Hermitian manifold (M¯2m,P, g¯) [21] is a smooth manifold associated with an almost
product structure P and a pseudo-Riemannian metric g¯ satisfying
g¯(PX,PY) + g¯(X, Y) = 0,(2.2)
Clearly, signature of g¯ is necessarily (m,m) for any vector fields X, Y tangent to M¯2m.
Also, Eq. (2.2) implies that
g¯(PX, Y) + g¯(X,PY) = 0,(2.3)
for any X, Y ∈ Γ(T M¯); Γ(T M¯) being Lie algebra of vector fields of M¯2m. The funda-
mental 2-form ω of M¯2m is defined by
ω(X, Y) = g¯(X,PY), ∀X, Y ∈ Γ(T M¯).(2.4)
Definition 2.1. An almost para-Hermitian manifold M¯2m is called a para-Ka¨hler mani-
fold if P is parallel with respect to ∇¯ i.e.,
(∇¯XP)Y = 0, ∀X, Y ∈ Γ(T M¯)(2.5)
where ∇¯ is the Levi-Civita connection on M¯2m with respect to g¯.
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2.2. Geometry of slant submanifolds. Let us consider that M is an isometrically im-
mersed submanifold of a para-Ka¨hler manifold in the sense of O’Neill [23] and Chen
[10] and g denote the induced metric on M such that g = g¯|M having constant signature
and rank [16]. Let Γ(TM⊥) indicate the set of vector fields normal to M and Γ(TM) the
sections of tangent bundle TM of M then the Gauss-Weingarten formulas are given by,
respectively,
∇¯XY = ∇XY + h(X, Y),(2.6)
∇¯Xζ = −AζX + ∇⊥Xζ,(2.7)
for all X, Y ∈ Γ(TM) and ζ ∈ Γ(TM⊥), where ∇ is the induced connection, ∇⊥ is the
normal connection on the normal bundle TM⊥, h is the second fundamental form, and
the Weingarten operator Aζ associated with the normal section ζ (see also, [9]) is given
by
g
(
AζX, Y
)
= g¯ (h(X, Y), ζ) .(2.8)
For any τ ∈ Γ(TM) and ζ ∈ Γ(TM⊥), if we write
Pτ = tτ + nτ,(2.9)
Pζ = t′ζ + n′ζ,(2.10)
where tτ (resp., nτ) is tangential (resp., normal) part of Pτ and t′ζ (resp., n′ζ) is tan-
gential (resp., normal) part of Pζ, then for any X, Y ∈ Γ(TM) we can easily obtain from
Eqs. (2.1) and (2.9) that
g¯(X, tY) = −g¯(tX, Y).(2.11)
A pseudo-Riemannian submanifold M is said to be [10]
• totally geodesic if its second fundamental form vanishes identically.
• umbilical in the direction of a normal vector field ζ on M, if Aζ = ηId, for certain
function η on M; here ζ is called a umbilical section.
• totally umbilical if M is umbilical w.r. t. any local normal vector field.
Here, motivated to [1], we first derive the definition of slant submanifolds in para-Ka¨hler
manifolds M¯2m, and then continue the study by introducing a generalized class of PR-
submanifolds [11] called PR-pseudo-slant submanifolds in M¯2m.
Let M be any non-degenerate submanifolds of para-Ka¨hler manifolds M¯2m such that
t2X = λX = λP2X, g(tX, Y) = −g(X, tY) for any X, Y ∈ Γ(TM), where λ is a coefficient
then with the help of Eq. (2.11), we have
g(PX, tY)
|PX||tY | = −
g(X,PtY)
|PX||tY | = −
g(X, t2Y)
|PX||tY | = −λ
g(X,P2Y)
|PX||tY | = λ
g(PX,PY)
|PX||tY | .(2.12)
On the other hand,
g(PX, tY)
|PX||tY | =
g(tX, tY)
|PX||tY | .(2.13)
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In particular, from Eqs. (2.12) and (2.13), we obtain for X = Y that
g(PX,tX)
|PX||tX| =
√
λ.
Here we call λ a slant coefficient and consequently M a slant submanifold. Conversely,
assume that M is a slant submanifold then λ |PX||tX| =
|tX|
|PX| , where X is a non light like
vector field. We obtain by the consequence of previous equation for any non- light
like vector fields X, Y ∈ Γ(TM) that −λ g(X,P2Y)|PX||tY | =
g(PX,tY)
|PX||tY | , which yields g(X, t
2Y) =
λg(X,P2Y), g(tX, Y) = −g(X, tY). Hence, t2 = λI, g(tX, Y) = −g(X, tY) by virtue of
the fact that structure is para-Ka¨hler and X is any non-lightlike vector fields.
Remark 2.2. The slant coefficient λ is sometimes cos2 θ or cosh2 θ or − sinh2 θ for all
vector fields tangent to M, where θ is a slant angle [1, 2].
Now by the consequence of above characterization here, we can easily state the defini-
tion of slant submanifolds in an almost para-Ka¨hler manifold and obtain slant subman-
ifold defined for Ka¨hler-Riemannian Case as one of its important remark:
Definition 2.3. Let M be an isometrically immersed submanifold of an almost para-
Ka¨hler manifold M¯2m and Dλ be the distribution on M. Then Dλ is said to be slant
distribution on M, accordingly M slant submanifold, if there exist a real valued constant
λ such that
t2 = λI, g(tX, Y) = −g(X, tY),
for any non-degenerate tangent vectors X, Y ∈ Dλ on M. Here, we call λ slant coefficient
which is globally constant, i.e., λ is independent of the choice of the point on M in M¯2m.
Remark 2.4. Since, our manifold M is non-degenerate (i.e., M includes either spacelike
vector fields or timelike vector fields), thus our definition of slant submanifolds can
be considered as the generalization of definitions given in [8] which covers only the
spacelike vector fields which implies λ = cos2 θ, where θ is slant angle.
Remark 2.5. Here, it is important to note that the invariant and anti-invariant sub-
manifolds are improper slant submanifolds with slant coefficients λ = 1 and λ = 0,
respectively. Thus, a proper slant submanifold is a slant submanifold which is neither
invariant nor anti-invariant [14].
Further we derive an important result for slant submanifold M of M¯2m;
Theorem 2.6. Let M be any isometrically immersed proper slant submanifold in an al-
most para-Hermitian manifold M¯2m. Then for any X, Y, Z ∈ Γ(TM), 2-form ω is closed.
Proof. We have by virtue of exterior differentiation that
dω(X, Y, Z) =
1
3
{Xω(Y, Z) + Yω(Z, X) + Zω(X, Y)(2.14)
− ω([X, Y], Z) − ω([Y, Z], X) − ω([Z, X], Y)}.
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By the use of Eqs. (2.4) and (2.9), equation (2.14) simplified to
dω(X, Y, Z) =
1
3
{Xg(Y, tZ) + Yg(Z, tX) + Zg(X, tY)(2.15)
− g([X, Y], tZ) − g([Y, Z], tX) − g([Z, X], tY)}.
Furthermore, using covariant differentiation and definition of Lie-bracket in Eq. (2.15)
we obtain that
dω(X, Y, Z) =
1
3
{g(Y,∇X(tZ)) + g(Z,∇Y(tX)) + g(X,∇Z(tY))(2.16)
+ g(∇YX, tZ) + g(∇ZY, tX) + g(∇XZ, tY)}.
Above equation using Eqs. (2.11), (2.8) and covariant differentiation of t reduced to
dω(X, Y, Z) = 0 ∀X, Y, Z ∈ Γ(TM).(2.17)
Thus, Eq. (2.17) signifies that the 2-form ω is closed. This completes the proof of the
theorem. 
3. PR-pseudo-slant submanifolds
In this section, we introduce PR-pseudo-slant submanifolds in M¯2m which general-
izes the PR-submanifolds defined by Chen in [11]. Moreover, since the submanifold M
is non-degenerate submanifold so this new class of submanifolds can also be viewed as
the generalization of submanifolds defined in Riemannnian settings (see; [4, 7]).
Definition 3.1. Let M be an isometrically immersed submanifold of a para-Ka¨hler man-
ifold M¯2m. Then we say that M is a PR-pseudo-slant submanifold if it is furnished with
the pair of non-degenerate orthogonal distribution (D⊥,Dλ) satisfying the conditions:
(i) TM = D⊥ ⊕Dλ,
(ii) the distributionD⊥ is anti-invariant distribution under P, i.e., P(D⊥) ⊆ Γ(TM)⊥
and
(iii) the distributionDλ is slant distribution with slant coefficient λ.
In consequence of above definition we give following results as a remarks;
Remark 3.2. Let us denote by d1 and d2 the dimension of D
⊥ and Dλ, respectively then
we conclude that a PR-pseudo-slant submanifold M of M¯2m is invariant submanfold if
d1 = 0, d2 , 0 with slant coefficient λ = 1, anti-invariant submanfold if d1 , 0 and
d2 = 0 and PR-submanifold if d1, d2 , 0 with slant coefficient λ = 1 [11].
Remark 3.3. If d1.d2 , 0 and Dλ is proper slant distribution then we call M a proper
PR-pseudo-slant submanifold of M¯2m.
Furthermore, if we represent the projections on the distributions D⊥ and Dλ by P⊥ and
Pλ, respectively. Then we can write
(3.1) X = P⊥X + PλX
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for any X ∈ Γ(TM). Applying P to Eq. (3.1) and using Eq. (2.9), we have
(3.2) PX = nP⊥X + tPλX + nPλX.
From above equation we obtain that
nP⊥X ∈ Γ(D⊥), tP⊥X = 0,(3.3)
tPλX ∈ Γ(Dλ), nPλX ∈ Γ(TM⊥).(3.4)
Employing Eq. (2.9) in (3.2), we get
(3.5) tX = tPλX, nX = nP
⊥X + nPλX
for X ∈ Γ(TM). Since, Dλ is slant distribution, using definition 2.3, we conclude that
(3.6) t2X = λX
for any X ∈ Dλ and real-valued constant coefficient λ defined on M.
Now, we present the following results for the characterization of proper PR-pseudo-
slant submanifold of a para-Ka¨hler manifold:
Theorem 3.4. Let M be a submanifold of a para-Ka¨hler manifold M¯2m. Then M is a
proper PR-pseudo-slant submanifold if and only if there exists a real valued constant
coefficient λ and a distribution D on M such that
(i) D = {X ∈ Γ(TM) | (tD)2X = λX},
(ii) For any X ∈ Γ(TM), orthogonal to D, tX = 0,
where λ denotes the slant coefficient of M.
Proof. Let M be a proper PR-pseudo-slant submanifold of M¯2m. Using Eqs. (3.3),
(3.4) and (3.6) we have that D = Dλ, which follows (i) and (ii). Conversely (i) and (ii)
implies that TM = Dλ ⊕D⊥. From (ii) , we received that P(D⊥) = D⊥. This completes
the proof. 
From theorem 3.4 we have the following corollary :
Corollary 3.5. Let M be a proper PR-pseudo-slant submanifold of a para-Ka¨hler man-
ifold M¯2m. Then for all X, Y ∈ Γ(Dλ), we have
g(tX, tY) = λ g(X, Y)(3.7)
g(nX, nY) = g(X, Y) − λ g(X, Y).(3.8)
Proof. From Eqs. (2.3) and (2.9) we have g(tX, tY) = g(PX−nX, tY). Hence g(tX, tY) =
−g(X,PtY). Using Theorem 3.4 (i), we obtain formula (3.7). Finally, formula (3.8)
directly follows from (3.7). 
Further, we prove an important lemma for later use:
Lemma 3.6. Let M be a PR-pseudo-slant submanifold of a para-Ka¨hler manifold M¯2m.
Then for any X, Y ∈ Γ(Dλ), we have
(i) t′nX = X − λX and (ii) n′nX = −ntX.
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Proof. We have from Eq. (2.10) that PnX = t′ f X + n′nX. Then, taking inner product
with Y and applying Eqs. (2.1), (2.3) and (3.8) we derive the formula-(i). For formula-
(ii), replacing X by tX and employing Eq. (3.6) in Eq. (2.9) we obtain that
PtX = t2X + ntX = λX + ntX.(3.9)
On the other hand, using Eq. (2.10) and formula-(i) we achieve that
PnX = t′nX + n′nX = (1 − λ)X + n′nX.(3.10)
From Eqs. (3.9) and (3.10) we get PtX + PnX = X + ntX + n′nX. Formula-(ii) can be
deduced by employing Eqs. (2.1) and (2.9) in previous expression. This completes the
proof of the lemma. 
Here, we examine the conditions for distributions associated with the definition of
proper PR-pseudo-slant submanifold of a para-Ka¨hler manifold being integrable and
defines totally geodesic foliation.
Lemma 3.7. Let M be a proper PR-pseudo-slant submanifold of a para-Ka¨hler mani-
fold M¯. Then the anti-invariant distributionD⊥ is integrable if and only if
g(APYX, tZ) = g(APXY, tZ)(3.11)
for any X, Y ∈ Γ(D⊥) and Z ∈ Γ(Dλ).
Proof. We have from the fact that structure is para-Hermition, Gauss-Weingarten for-
mula that
g([X, Y], Z) = −g¯(P∇¯XY,PZ) + g¯(P∇¯YX,PZ).(3.12)
Furthermore, we can write from Eqs. (2.5), (2.9) and (2.10) that
−g¯(P∇¯XY,PZ) = −g¯(∇¯XPY, tZ) + g¯(∇¯XY, t′nZ) + g¯(∇¯XY, n′nZ).(3.13)
Using the fact that h is symmetric, lemma 3.6 and Eqs. (2.7), (3.6) in equation (3.13),
we obtain that
−g¯(P∇¯XY,PZ) = g(APYX, tZ) + (1 − λ)g¯(∇¯XY, Z) − g¯(∇¯XY, ntZ).(3.14)
On the other hand with effect from Eqs. (2.5), (2.9) and (2.10), we arrive at
g¯(P∇¯YX,PZ) = −g(APXY, tZ) − g¯(∇¯YX, t′nZ) − g¯(∇¯YX, n′nZ)(3.15)
Therefore, Eq. (3.15) by the use of lemma 3.6 reduced to
g¯(P∇¯YX,PZ) = −g(APXY, tZ) − (1 − λ) g¯(∇¯YX, Z) + g¯(∇¯YX, ntZ).(3.16)
Employing Eqs. (3.14) and (3.16) in (3.12), we conclude that
λg([X, Y], Z) = g(APYX, tZ) − g(APXY, tZ).(3.17)
This completes the proof. 
Lemma 3.8. Let M be a proper PR-pseudo-slant submanifold of a para-Ka¨hler mani-
fold M¯2m. Then the distribution Dλ is integrable if and only if g(AntZX − APXtZ,W) =
g(AntWX − APXtW, Z), for all X ∈ Γ(D⊥) and Z,W ∈ Γ(Dλ).
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Proof. The proof of this lemma can be achieved by following same steps as the proof of
lemma 3.7. 
Lemma 3.9. Let M be a proper PR-pseudo-slant submanifold of a para-Ka¨hler mani-
fold M¯2m. Then the anti-invariant distribution D⊥ defines a totally geodesic foliation if
and only if
g(APYX, tZ) = g(AntZX, Y)(3.18)
for any X, Y ∈ Γ(D⊥) and Z ∈ Γ(Dλ).
Proof. By the virtue of Eqs. (2.1),(2.3)-(2.10), we obtain that
g(∇XY, Z) = −g¯(∇¯XPY, tZ) + g¯(∇¯XY, t′nZ + n′nZ).(3.19)
Using Eq. (2.7) and lemma 3.6 in equation (3.19), we get
g(∇XY, Z) = g(APYX, tZ) + g¯(∇¯XY, Z) − λg¯(∇¯XY, Z) − g(AntZX, Y).(3.20)
Now, employing Eq.(2.6) in (3.20), we arrive at
λg(∇XY, Z) = g(APYX, tZ) − g(AntZX, Y).
This completes the proof of the lemma. 
Lemma 3.10. Let M be a proper PR-pseudo-slant submanifold of a para-Ka¨hler man-
ifold M¯2m. Then the distribution Dλ defines a totally geodesic foliation if and only if
g(AntWZ, X) = g(APXZ, tW), for all X ∈ Γ(D⊥) and Z,W ∈ Γ(Dλ).
Proof. To proof this lemma, we follow same steps as in the proof of lemma 3.9. 
4. PR-pseudo-slant warped product submanifolds
In this section, we investigate the existence or nonexistence of non-trivial PR-pseudo-
slant warped product submanifolds of the form M⊥ × f Mλ, Mλ × f M⊥ a para-Ka¨hler
manifold M¯2m, where M⊥ and Mλ are anti-invariant and proper slant submanifolds of
M¯2m, respectively. We first recall some basic information about warped product pseudo-
Riemannian manifolds;
Let (B, gB) and (F, gF) be two pseudo-Riemannian manifolds and f be a positive smooth
function on B. Consider the product manifold B × F with canonical projections
pi : B × F → B and σ : B × F → F.(4.1)
Then the manifold M = B × f F is said to be warped product (see [23, 26]) if it is
endowed with the following warped metric
g(X, Y) = gB (pi∗(X), pi∗(Y)) + ( f ◦ pi)2gF (σ∗(X), σ∗(Y))(4.2)
for all X, Y ∈ Γ(TM) and ‘∗’ stands for derivation map, or equivalently,
g = gB + f 2 gF.(4.3)
The function f is called the warping function and a warped product manifold M is said
to be trivial if f is constant. In view of simplicity, we will determine a vector field X
on B with its lift X¯ and a vector field Z on F with its lift Z¯ on M = B × f F [3].
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Proposition 4.1. [3] If X, Y ∈ Γ(TB) and Z,W ∈ Γ(TF), then we have for warped
product submanifold M = B × f F that
(i) ∇XY ∈ Γ(TB),
(ii) ∇XZ = ∇ZX =
(
X f
f
)
Z,
(iii) ∇ZW = −g(Z,W)f ∇ f ,
where ∇ denotes the Levi-Civita connection on M and ∇ f is the gradient of f defined
by g(∇ f , X) = X f .
For a warped product M = B × f F; B is totally geodesic and F is totally umbilical in M
[3]. Here, analagous to [11] we define PR-pseudo-slant warped product submanifold in
a para-Ka¨hler manifold M¯2m:
Definition 4.2. A proper PR-pseudo-slant submanifold is said to be a PR-pseudo-slant
warped product if it is a warped product of the form : Mλ × f M⊥ or Mλ × f M⊥ or both,
where Mλ and M⊥ are proper slant and anti-invariant submanifolds of M¯2m, respectively
with f is a non-constant positive smooth function on the first factor. If the warping
function f is constant then a PR-pseudo-slant warped product submanifold is said to be
a PR-pseudo-slant product or trivial product.
Now, we initiate our study by examining the existence or non-existence of aPR-pseudo-
slant warped product submanifold of the form M = M⊥× f Mλ in a para-Ka¨hler manifold
M¯2m.
Theorem 4.3. There doesn’t exist anyPR-pseudo-slant warped product submanifold of
the form M = M⊥ × f Mλ in a para-Ka¨hler manifold M¯2m.
Proof. Let us suppose that M = M⊥ × f Mλ be any PR-pseudo-slant warped product
submanifold of a para-Ka¨hler manifold M¯2m. Then by applying Proposition 4.1, Eqs.
(2.2), (2.9) and Gauss-Weingarten formulas, we obtain that
g(AnXZ, tZ) = X(ln f )g(tZ, tZ) + g(AnZX, tZ),(4.4)
for any non-degenerate vector field X ∈ Γ(TM⊥) and Z ∈ Γ(TMλ). Employing Corollary
3.5 in (4.4), we deduce that
g(AnXZ, tZ) = −λX(ln f )g(Z, Z) + g(AnZX, tZ).(4.5)
Now, interchanging Z by tZ in above equation, we achieve that
g(AnXtZ, t
2Z) = −λX(ln f )g(tZ, tZ) + g(AntZX, t2Z).(4.6)
Using definition of slant submanifold and Eq. (3.7) in (4.6), we get
g(AnXtZ, Z) = λX(ln f )g(Z, Z) + g(AntZX, Z).(4.7)
On the other hand, we have from Eqs. (2.3) and (2.5)-(2.9) that
g(AnZX, tZ) = g(∇XZ, t2Z) + g(AntZX, Z) + g(∇XtZ, tZ).(4.8)
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Again using definition of slant submanifold and Proposition 4.1 in (4.8), we deduce that
g(AnZX, tZ) = λX(ln f )g(Z, Z) + g(AntZX, Z) + X(ln f )g(tZ, tZ).(4.9)
Above equation in view of Corollary 3.5, yields
g(AnZX, tZ) = g(AntZX, Z).(4.10)
From Eqs. (4.5) (4.7) and (4.10), we conclude that
g(AnXZ, tZ) + λX(ln f )g(Z, Z) = g(AnXZ, tZ) − λX(ln f )g(Z, Z).(4.11)
Thus, we get
2λX(ln f )g(Z, Z) = 0,(4.12)
by virtue of Eq. (2.8) and the symmetry of h. Now, Eq. (4.12) implies that either λ = 0
or f is constant function on M⊥, for any non-degenerate vector field X ∈ Γ(TM⊥) and
Z ∈ Γ(TMλ). Since Mλ is a proper slant submanifold so there is only possibility that f
must be constant, and this contradicts our supposition. Thus completes the proof of the
theorem. 
Next, we first prove an important lemma an then investigate the existence of a PR-
pseudo-slant warped product submanifold of the form M = Mλ × f M⊥ in a para-Ka¨hler
manifold M¯2m:
Lemma 4.4. If M = Mλ × f M⊥ be a PR-pseudo-slant warped product submanifold of a
para-Ka¨hler manifold M¯2m, then we have for any Z ∈ Γ(TMλ) and X, Y ∈ Γ(TM⊥) that
g(APY tZ, X) = −λ(Z ln f )g(X, Y) + g(AntZX, Y).
Proof. We know the fact that the structure is para-Ka¨hler, then by the use of Eqs. (2.5),
(2.3), (2.8), (2.9) and Gauss formula, we achieve that
g(APY tZ, X) = −g(∇XZ, Y) + g¯(∇¯XPnZ, Y).(4.13)
Employing Lemmas 3.6 and Eq. (2.10) in Eq. (4.13), we obtain that
g(APY tZ, X) = −g(∇XZ, Y) + g¯(∇¯X(1 − λ)Z), Y) + g¯(∇¯X(−ntZ), Y).(4.14)
Then by virtue of Gauss-Weingarten formulas, Eq. (2.8) and Proposition 4.1 in Eq.
(4.14), we completes the proof of lemma. 
Theorem 4.5. Let M → M¯2m be an isometric immersion of a proper PR-pseudo-slant
submanifold M into a para-Ka¨hler manifold M¯2m. Then M is locally a PR-pseudo-
slant warped product submanifold of the form Mλ × f M⊥ if and only if the Weingarten
operator of M satisfies
APY tZ − AntZY = −λ(Z ln f )Y, ∀Y ∈ Γ(D⊥), Z,W ∈ Γ(Dλ),(4.15)
for some function µ on M such that X(µ) = 0, X ∈ Γ(D⊥).
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Proof. If M is a PR-pseudo-slant warped product submanifold of M¯2m. Then from
Lemma 4.4, we derive Eq. (4.15). Since f is a function on Mλ, setting µ = ln f implies
that X(µ) = 0. Conversely, consider that M is proper PR-pseudo-slant submanifold of
M¯2m such that Eq. (4.15) holds. Taking inner product of Eq. (4.15) with W and from
lemma 3.10, we conclude that the integral manifold Mλ of Dλ defines totally geodesic
foliation in M. Then by lemma 3.7, we have that the distributionD⊥ is integrable if and
only if
g(APYX, tZ) = g(APXY, tZ),(4.16)
for any X, Y ∈ D⊥ and Z ∈ Dλ. From the fact that h is symmetric and by employing Eq.
(2.8) in left hand side of Eq. (4.16), we arrive at
g(APY tZ, X) = g(APXY, tZ).(4.17)
Now, by applying the definition of para-Ka¨hler manifolds, Eqs. (2.1), (2.3), Gauss-
Weingarten formulas and Lemma 3.6 in left hand side of Eq. (4.17), we derive that
g(APXY, tZ) = −λg(∇XZ, Y) + g(AntZX, Y).(4.18)
Now, again taking inner product of Eq. (4.15) with X, we obtain that
g(APY tZ, X) = −λg(Z(µ)Y, X) + g(AntZY, X).(4.19)
Therefore from Eqs. (4.16), (4.18),(4.19) and property of covariant differentiation for-
mula, we deduce that
g(h⊥(X, Y), Z) = −g(Z(µ)X, Y) = −g(X, Y)g(∇µ, Z).
This implies h⊥(X, Y) = −g(X, Y)∇µ, where h⊥ is a second fumdamental form of D⊥
in M and ∇µ is gradient of µ = ln f . Hence, the integrable manifold of D⊥ is totally
umbilical submanifold in M and its mean curvature is non-zero and parallel and X(µ) =
0 for all X ∈ Γ(D⊥). Thus, by [18] we achieve that M is a PR-pseudo-slant warped
product submanifold of M¯2m. This completes the proof of the theorem. 
Here, we derive a condition for a PR-pseudo-slant warped product submanifold of the
form Mλ × f M⊥ to be a PR-pseudo-slant product:
Proposition 4.6. A PR-pseudo-slant warped product submanifold of the form M =
Mλ × f M⊥ of a para-Ka¨hler manifold M¯2m is locally a PR-pseudo-slant product if and
only if the expression g(h(X, Y), ntZ) vanishes, for any X, Y ∈ Γ(D⊥) and Z ∈ Γ(Dλ).
Proof. We have from Eq. (2.6) that g(∇XZ, Y) = g¯(∇¯XZ, Y). Employing Eqs. (2.1),(2.3),
(2.9), (2.10) and (2.8) in previous expression, we obtain that
g(∇XZ, Y) = − g¯(P∇¯XZ,PY) = −g¯(∇¯X(tZ),PY) − g¯(∇¯X(nZ),PY)
= g¯(∇¯X(t2Z), Y) + g¯(∇¯X(ntZ), Y) − g¯(∇¯XnZ,PY).
Using Eq. (2.7), (3.6) and the fact g(Y, Z) = 0, we have from above last equation that
g(∇XZ, Y) = λg¯(∇¯XZ, Y) − g(h(X, Y), ntZ) + g(∇⊥XnZ,PY).(4.20)
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Thus, from Eq. (4.20) and Proposition (4.1), we conclude that
(1 − λ)(Z ln f )g(X, Y) = −g(h(X, Y), ntZ) + g(∇⊥XnZ,PY).(4.21)
Interchanging X and Y in Eq. (4.21) and then subtracting from (4.21), we obtain that
g(∇⊥XnZ,PY) = g(∇⊥YnZ,PX).(4.22)
Furthermore, from Eqs. (2.1), (2.3), (2.9) and Gauss-Weingarten formulas, we derive
that
g(∇⊥XnZ,PY) = −(Z ln f )g(X, Y) − g¯(∇¯XtZ,PY).(4.23)
Now again by interchanging X with Y in Eq. (4.23) we conclude that Eq. (4.22) hold if
and only if
g¯(∇¯XtZ,PY) = −g¯(∇¯XPY, tZ) = 0(4.24)
Using Gauss-Weingarten formulas and Eqs. (2.1),(2.3), (2.9), (3.6) in Eq. (4.24), we
get
λ(Z ln f )g(X, Y) + g(h(X, Y), ntZ) = 0(4.25)
Thus from Eq. (4.25) we can say that f is constant if and only if g(h(X, Y), ntZ) = 0.
Since, Mλ is proper slant submanifold and Z is non-null vector field. This completes the
proof. 
5. Example
In addition to results in Sect. 4, here we present an numerical example illustrating
PR-pseudo-slant warped product submanifold of the form M = Mλ × f M⊥ in a para-
Ka¨hler manifold.
Let M¯ = R6 be a 6-dimensional manifold with the standard Cartesian coordinates
(x¯1, x¯2, x¯3, x¯4, x¯5, x¯6). Define a structure (P, g¯) on M¯ by
Pe1 = e4, Pe2 = e5, Pe3 = e6, Pe4 = e1, Pe5 = e2,Pe6 = e3,(5.1)
g¯ =
3∑
i=1
(dx¯i)
2 −
6∑
j=4
(dx¯ j)
2,(5.2)
where e1 =
∂
∂x¯1
, e2 =
∂
∂x¯2
, e3 =
∂
∂x¯3
, e4 =
∂
∂x¯4
, e5 =
∂
∂x¯5
and e6 =
∂
∂x¯6
. By straightfor-
ward calculations, one verifies that the structure is an almost para-Hermitian manifold.
For Levi-Civita connection ∇¯ with respect to g¯, we readily conclude that the manifold
(M¯,P, g¯) is a para-Ka¨hler manifold. Now, let M is an isometrically immersed smooth
submanifold in R6 defined by
Ω(x1, x2, x3) = (x1, x1 cos(x2), x1 sin(x2), x3, k1, k2)(5.3)
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where k1, k2 are constants and x1 ∈ R+, x2 ∈ (0, pi/2) and x3 is non zero. Then the TM
spanned by the vectors
Zx1 =
∂
∂x¯1
+ cos(x2)
∂
∂x¯2
+ sin(x2)
∂
∂x¯3
,
Zx2 = −x1 sin(x2)
∂
∂x¯2
+ x1 cos(x2)
∂
∂x¯3
,(5.4)
Zx3 =
∂
∂x¯4
,
where Zx1 , Zx2 , Zx3 ∈ Γ(TM). Using Eq. (5.1), we obtain that
P(Zx1) =
∂
∂x¯4
+ cos(x2)
∂
∂x¯5
+ sin(x2)
∂
∂x¯6
,
P(Zx2) = −x1 sin(x2)
∂
∂x¯5
+ x1 cos(x2)
∂
∂x¯6
,(5.5)
P(Zx3) =
∂
∂x¯1
.
From Eqs. (5.4) and (5.5) we can find that Dλ is a proper slant distribution defined
by span{Zx1 , Zx3} with slant coefficient λ = 1√2 and D
⊥ is an anti-invariant distribu-
tion defined by span{Zx2} with dimension not equal to zero. So, M turn into a proper
PR-pseudo-slant submanifold. Here, the induced pseudo-Riemannian non-degenerate
metric tensor g of M is given by
[gi j] =

2 0 0
0 x2
1
0
0 0 −1
 ,
that is, g = 2dx2
1
−dx2
3
+ x2
1
{dx2
2
} = gMλ + f 2 gM⊥ . Thus, M is a 3-dimensionalPR-pseudo-
slant warped product submanifold of R6 with wrapping function f = x1.
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